Approximating classifying spaces by smooth projective varieties by Ekedahl, Torsten
ar
X
iv
:0
90
5.
15
38
v1
  [
ma
th.
AG
]  
11
 M
ay
 20
09
APPROXIMATING CLASSIFYING SPACES
BY
SMOOTH PROJECTIVE VARIETIES
TORSTEN EKEDAHL
Abstrat. We prove that for every redutive algebrai group H with entre of positive
dimension and every integer K there is a smooth and projetive variety X and an algebrai
H-torsor P → X suh that the lassifying map X → BH indues an isomorphism in
ohomology in degrees ≤ K. This is then applied to show that if G is a onneted non-
speial group there is a G-torsor P → X for whih we do not have [P ] = [G][X] in the
(ompletion of the) Grothendiek ring of varieties.
For a xed integer k and a variable integer n, the Grassmannian Gr(k, n + k) of (omplex)
k-spaes in (omplex) n+ k-dimensional spae beomes a loser and loser (the larger we make
n) homotopy approximation to the lassifying spae of GLk(C) in the following sense: The frame
bundle of the tautologial k-bundle is a GLk(C)-torsor over Gr(k, n+ k) and thus gives a map
Gr(k, n+k)→ BGLk(C) whih indues an isomorphism on homotopy groups up to a degree whih
tends to innity with n. The point here is that Gr(k, n + k) is a omplex projetive manifold
and that the GLk(C)-torsor is also algebrai. Hene, we an homotopially approximate the
lassifying spae of GLk(C) by projetive manifolds using algebrai torsors. This is somewhat
speial to GLk(C); it is for instane not possible to do it for SLk(C) as H
2(BSLk(C),Z) = 0
and the seond ohomology group of a projetive manifold is never zero. When G is a nite
group this was retied by Atiyah and Hirzebruh (f., [AH62, Prop. 6.6℄) who showed that
the Godeaux-Serre method (f., [Se58℄) together with the Lefshetz hyperplane theorem ould
be used to prove that we an get homotopy approximations to B(G ×Gm) whih are given by
algebrai torsors over a smooth and projetive base. The main result of the present paper is
an extension of this result to the ase when G is a redutive group (and where we also allow
ourselves to replae G×Gm by any entral extension of G by Gm).
The tehnial problems we have to ght with is the fat that when dimG > 0 there will be
unstable points for the ation of G on a projetive spae. The unstable points will ontribute
to the ohomology of a (suitably iterated) hypersurfae setion dened by a G-invariant form
whih will have to be subtrated o if we are to get hold of the ohomology of the torsor (and
onsequently its smooth projetive base). This requires us to get information on the ohomology
of the unstable lous and we shall use the indutive analysis of the unstable points introdued
by Kempf et al. We are muh helped by the fat that we an allow ourselves to onsider P(V n)
where V is a xed linear representation and n is arbitrarily large; making n large enough means
that big piees of the ohomology of the unstable lous will not interfere with our goal. On the
other hand, in the argument we shall use (repeatedly) Poinaré duality and onsequently our
results will only give a homologial and not a homotopy approximation.
The fat that our onstrutions are very non-anonial makes it unlikely that they ould be
used to study the the lassifying spaes of redutive (or equivalently ompat) groups. Instead
it an be used to show the existene of projetive manifolds exhibiting various topologial be-
haviours (as was already demonstrated by Atiyah and Hirzebruh where a partiular behaviour
of ohomology under the ation of the Steenrod algebra was required). Indeed, we shall apply
it to show that if G is a linear onneted non-speial (in the sense of Grothendiek and Serre)
group, then there are algebrai G-torsors with a smooth projetive base suh that the assoi-
ated G/B-bration has ohomology whih is not (additively) isomorphi to the ohomology of
the produt of the base and G/B. (On the ontrary suh an isomorphism always exists for a
speial group.) This will then be used to obtain the result on the Grothendiek ring of varieties
mentioned in the abstrat.
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1 The approximation
So far we have formulated our result in topologial terms and that fores us to work with algebrai
groups over the omplex numbers. In Subsetion 1.1 we shall disuss the neessary modiations
to obtain results valid over any eld.
For the proof of our rst proposition we need to reall (f., [Ki84, Part II℄ whose notation we
shall follow) the indutive analysis of unstable points of a representationW of a redutive group
G. Hene, if we x a maximal torus T of G we have a stratiation {Sβ} of P(W ) parametrised
by ertain elements of M
⊗
Q, where M is the oharater group of T . To suh a β 6= 0 the
following data an be assoiated:
• A positive denite quadrati form q on M
⊗
Q that is invariant under the Weyl group has
been hosen one and for all.
• Putting Nβ := {α ∈ N | α · β = q(β) } and N ′β := {α ∈ N | α · β > q(β) }, where N is the
harater group of T , we let Wβ ⊆ W be the subspae spanned by the T -eigenvetors of
weights belonging to Nβ .
• We let Tβ be the image of rβ, where r is a stritly positive integer suh that rβ ∈M . The
entraliser Stabβ of Tβ is a redutive group stabilising Wβ . There is a redutive subgroup
Gβ of Stabβ suh that Stabβ = TβGβ and Tβ is not ontained in Gβ . In partiular
dim Stabβ = dimGβ + 1.
• Setting Zβ := P(Wβ) ⊆ P(W ) we have that Stabβ ats (linearly) on it. We let Zssβ ⊆ Zβ
be the semi-stable lous for the ation of Gβ .
• Letting W ′β ⊆ W be the subspae spanned by the T -eigenvetors of weights belonging to
N ′β, W
′
β +Wβ ⊆W is a diret sum. Putting Yβ := P(Wβ
⊕
W ′β) \P(W
′
β) we have a linear
projetion morphism Yβ → Zβ whih is a vetor bundle of onstant rank rβ(V ) := dimW ′β .
(Under the identiation of Yβ → Zβ with a vetor bundle Zβ beomes the zero setion.)
We let Y ssβ be the inverse image of Z
ss
β under the map Yβ → Zβ.
• There is a paraboli subgroup Pβ stabilising Yβ and Y ssβ as well as ontaining Stabβ . More
preisely Stabβ is a Levi fator of Pβ , i.e., it maps bijetively to Pβ/Uβ, where Uβ is the
unipotent radial of Pβ . In partiular, as Uβ and G/Pβ have the same dimension we have
that dimG = dim Stabβ + 2dim(G/Pβ).
• We have an isomorphism Sβ ∼= G×Pβ Y
ss
β and S0 equals P(W )
ss
, the G-semistable lous
of P(W ). In partiular if there is no weight of W that lies in Nβ we have that Sβ = ∅.
We now denote by S′β , Y
′ss
β and Z
′ss
β the inverse images under the quotient map W \ {0} →
P(W ) of Sβ , Y
ss
β and Z
ss
β respetively. The linear projetion map Yβ → Zβ indues a vetor
bundle map Y ′ssβ → Z
′ss
β of rank rβ(W ). Consequently we have that
Hic(Y
′ss
β ,Z) = H
i−2rβ(W )
c (Z
′ss,Z) (1)
and in partiular Hic(Y
′ss
β ,Z) = 0 whenever i < 2rβ(W ). We also have that S
′
β = G×Pβ Y
′
β . Its
pullbak along G→ G/Pβ is a produt and as Pβ is onneted, the proper base hange theorem
implies that Riπ!Z is onstant with onstant value H
i
c(Y
′ss
β ,Z). This (together with the fat that
G/Pβ is ompat) implies that the Leray spetral sequene has the form
Hj(G/Pβ , H
i
c(Y
′ss
β ,Z)) =⇒ H
i+j
c (S
′
β ,Z). (2)
Turning now to a slightly dierent topi let V be a k-dimensional omplex vetor spae for
k > 0. We dene the open subset Un ⊆ V n by the ondition that (v1, . . . , vn) ∈ Un if there is a
subset S ⊆ {1, . . . , n} with |S| = k and suh that (vs)s∈S is a basis for V . Clearly, Un is stable
under multipliation by salars and so orresponds to an open subset Wn of P(V
n).
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Lemma 1.1 i) A tuple (v1, . . . , vn) lies in Un preisely when the vi span V .
ii) GL(V ) ats freely on Un and hene so does any algebrai subgroup of GL(V ).
iii) Any point of Wn is semi-stable (and therefore also stable by ii) for the ation by SL(V )
and thus also for any algebrai subgroup of SL(V ).
iv) The odimension of V n \ Un in V n is ≥ n+ 1− k.
v) Let G ⊆ SL(V ) be a (not neessarily onneted) redutive algebrai subgroup. Let
V nss ⊆ V
n \ {0} be the inverse image of the lous of G-semistable points of P(V n). Then for
every K there is an integer N suh that Hic(V
n
ss,Z) = 0 for all dimG+ 1 < i ≤ K and n ≥ N .
Proof. To begin with i) is just linear algebra.
For ii) a point (v1, . . . , vn) of Un ontains a basis and hene its stabiliser is redued to
the identity. Hene it remains to show that the morphism GL(V ) × Un → Un × Un given by
(g, x) 7→ (x, gx) is proper. For this we use the valuation riterion so we assume that we have
a disrete valuation ring R with fration eld K and K-points g and x suh that x and gx are
dened as R-points of Un. As x and gx thus both span V
⊗
R we get that g and its inverse are
dened over R.
As for iii), for every S ⊆ {1, . . . , n} we have the k × S-determinant whih is SL(V )-invariant
and for every point of Un there is an S suh that it separates the point from the origin.
A point (v1, . . . , vn) in the omplement of Un has, by i), the property that its linear span is
a proper subspae of V . Hene, the point lies in the union of the Un, where U runs over the
hyperplanes of V . That union has dimension at most k− 1+n(k− 1) and hene odimension at
least nk − (n+ 1)(k − 1) = n+ 1− k whih proves iv).
Finally, to prove v) we start by notiing that if Go is the group of onneted omponents of
G, then a point of P(V n) is semi-stable for G preisely when it is so for Go. Hene we may, to
simplify, assume that G is onneted.
We now apply the analysis realled above of unstable points of the G-representation V n. The
ruial part is that by onstrution (V n)β = (Vβ)
n
(asNβ does not depend on the representation).
Furthermore, again by onstrution, the set of β for whih the Sβ are non-empty is ontained in
a nite set whih only depends on the weights of T appearing in the V n and is thus independent
of n. We now prove the result by indution on dimG. The base ase is when G = {e} in
whih ase V nss = V
n \ {0} and thus Hic(V
n
ss,Z) = 0 unless i = 1 or i = 2n dimV whih gives
the result in that ase. In the general ase, when dimG > 0, we have that dimGβ < dimG
for all β 6= 0 so we may assume that the theorem is true for (Gβ , Vβ). The omplement S′
of V nss in V
n \ {0} is the union of the Sβ where β 6= 0 runs over a nite set, independent of
n. Using the long exat sequenes of ohomology with ompat supports we an analyse the
vanishing of Hic(S
′,Z) in terms of the vanishing of the Hi(S′β). We have that rβ(V
n) = nrβ(V )
so if rβ(V ) 6= 0 we get from (1) (and (2)) that by making n large enough we may assume that
Hic(S
′
β ,Z) = 0 when i ≤ K. For those β with rβ(V ) = 0 we have that Y
′ss
β = Z
′ss
β . Hene
(2) and the indution assumption implies that by making n large enough we may assume that
Hic(S
′
β ,Z) = 0 whenever 2 dim(G/Pβ) + dimGα + 1 < i ≤ K and as, whih was noted above,
2 dim(G/Pβ) + dimGα + 1 = dimG we get that H
i
c(S
′
β ,Z) = 0 when dimG < i ≤ K. From this
(and the long of exat sequenes of ohomology) we get that Hic(S
′,Z) = 0 for dimG < i ≤ K.
We now have a long exat sequene
· · · → Hi−1c (V
n \ {0},Z)→ Hi−1c (S
′,Z)→ Hic(V
n
ss,Z)→ H
i
c(V
n \ {0},Z)→ · · · .
From it, and the fat that Hic(V
n \ {0},Z) = 0 for 1 < i < n dimV it follows that Hi(V nss,Z) = 0
if dimG+ 1 < i ≤ K (and n is large enough).
The following result is no doubt well-known but laking a referene we provide a proof.
Lemma 1.2 Let G be redutive group provided with a entrally embedded Gm →֒ G. Then
G has a faithful linear representation V suh that the entral Gm ats by the identity map into
the salar linear maps.
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Proof. We rst prove the following: Let L be a line bundle on an ane shemeX (over some ane
base) and let R be the ring generated (over the base) by the setions of L onsidered as funtions
on the assoiated Gm-torsor T . Then the indued map T → SpecR is an open embedding.
Indeed, assume rst that L = Rt. In that ase T maps into the subsheme SpecR[t−1] but R[t−1]
is equal to the ane oordinate ring of T so that T → SpecR[t−1] is an isomorphism. As L is
loally trivial this implies that there is an open overing {Ui} of T suh that Ui →֒ X → SpecR
is an open embedding. From this if follows that it remains prove that X → SpecR is injetive
on points. That the elements of L separates points of L is lear however.
In the ase of Gm →֒ G we get an L by onsidering the funtions on G that are of weight 1
with respet to the Gm-ation. It is a line bundle over G/Gm. As Gm is entral, L is G-invariant
and is hene the union of nite dimensional subrepresentations. Applying what was just shown
we get that a large enough suh subrepresentation is faithful. This onludes our proof as by
onstrution Gm ats on it by the identity map into salars.
Before passing to our main theorem we want to emphasise that we do not assume that a
redutive group is onneted.
Theorem 1.3 Let H be a redutive algebrai group with positive-dimensional entre over the
omplex numbers. Then for every integer K there is a smooth and projetive variety X and
an algebrai H-torsor P → X suh that its lassifying map X → BH indues an isomorphism
Hi(BH,Z)→ Hi(X,Z) for all i ≤ K.
If H has the form G×Gm, then it is possible to hoose P suh that the line bundle assoiated
to the the Gm-torsor P/G→ X is ample.
Proof. As the entre of H is positive dimensional and as it is redutive, the onneted omponent
of the entre is a torus so that we may nd a opy of Gm ontained in the entre. By Lemma 1.2
we may nd a faithful linear representation V of G whih restrits to multipliation by salars on
the Gm. We now put G := H ∩SL(V ). After possibly replaing V by V n we may, by Lemma 1.1
and the ondition that H ats faithfully on V , assume that there is an open subset U ⊆ V , whose
omplement has arbitrarily high odimension, stable under H suh that H stabilises U and ats
freely on it. Furthermore, again by the lemma, we may also assume that U ′ := U/Gm ⊆ P(V )
onsists of G-stable points so that U is a H-torsor over an open subset U ′′ of the GIT quotient
P(V )//G. Finally, we may hoose a suitable k suh that the base point lous of (SkV )G in P(V )
is equal to the set T of unstable points and that (SkV )G indues an embedding of the P(V )//G
of P(V ) by G into P((SkV )G).
We now onstrut a sequene P(V ) = X0 ⊇ X1 ⊇ · · · ⊇ Xa of losed subvarieties suh that
• the odimension of Xj in P(V ) at any of its points outside of T is equal to i,
• Xj+1 is the zero-set in Xj of some fj ∈ (SkV )G,
• Xj is smooth outside T and
• Xa \ T lies inside U ′.
That suh a sequene exists is lear as the general hyperplane setion of a linear system is
smooth outside the base points of the system. Furthermore, as the odimension of V \ U in V
an be made arbitrarily large, one again by the lemma, so an L, the dimension of Xa \ T . We
may also by (1.1:v) assume that Hic(V \ T
′,Z) = 0 when dimH = dimG+ 1 < i < L.
Now, by the fat that Xj \Xj+1 is smooth and ane we get that Hic(Xj ,Z)→ H
i
c(Xj+1,Z)
is an isomorphism for i < dim(Xj+1 \ T ). Using the long exat sequene of ohomology (and
the 5-lemma) this implies that Hic(Xj \ T,Z) → H
i
c(Xj+1 \ T,Z) is an isomorphism for i <
dim(Xj+1 \ T ). Hene we get that Hic(P(V ) \ T,Z) → H
i
c(Xa \ T,Z) is an isomorphism for
i < L whih in turn implies that we have an isomorphism Hic(V \ T
′,Z) → Hic(U
′
a,Z), where
U ′a is the inverse image of Xa \ T in V \ {0} and T
′
the inverse image of T . Thus we get that
Hic(U
′
a) = 0 for dimH < i < L. Now, by onstrution H ats freely on U
′
a and the quotient Ya
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is the zero set in P(V )//G of the fi. Hene Ya is proper as it is losed in P(V )//G and smooth
as U ′a is. Furthermore, the Yj are general iterated hyperplane setions and hene normal (by
[Se50℄ and the fat that P(V )//G is) and therefore they are onneted by the Lefshetz theorem
(and of ourse the fat that P(V )//G is onneted). This may be applied to the ase when H
is replaed by its onneted omponent Ho and thus also U ′a is onneted (as U
′
a → U
′
a/H
o
is a
bration with onneted bres). Furthermore, if K ⊆ H is a maximal ompat subgroup, then
the G-torsor U ′a → Ya has a redution to a K-torsor Qa ⊆ U
′
a and this inlusion is a homotopy
equivalene. Furthermore, as Ya is a ompat (omplex) manifold, Qa is also a ompat manifold.
Now, letting Ko := Ho ∩ K the bration Qa → Qa/Ko has onneted struture group and is
hene orientable and as Qa/K
o = U ′a/G
o
is a omplex manifold and in partiular orientable we
onlude that Qa is a ompat orientable manifold.
We now apply duality to U ′a and onlude that Hi(U
′
a,Z) = 0 for 2d−L < i < 2d− h, where
d is the (omplex) dimension of U ′a and h := dimH . As Qa is homotopi to U
′
a the same is
true for Qa. Being an orientable manifold we an apply duality to it together with the fat that
dimU ′a − dimQa = dimH − dimK = h. This gives H
i(Qa,Z) = 0 for 0 < i < L− h and as U ′a
is onneted so is Qa and we get that H
0(Qa,Z) = Z. Therefore we get that H
i(U ′a,Z) equals
Z if i = 0 and 0 if 0 < i < L− h. We have a ommutative diagram of H-torsors
U ′a −−−−→ EHy
y
Ya −−−−→ BH
and the map U ′a → EH indues an isomorphism in ohomologial degrees < L− h. This implies
that the same is true for Ya → BH (by for instane the spetral sequene Hi(Hj × X) =⇒
Hi+j(Y ) that exists for any H-torsor X → Y ) and as L an be made arbitrarily large we are
nished with the rst part.
For the last part, we have by onstrution that P/Gm = Xa and thus P → P/Gm is the
Gm-torsor assoiated to the restrition L of O(1) to Xa and as G ats ompatibly on P and
P/Gm, L extends to a line bundle M on P/H = Ya. Furthermore, the spae of setions of
M⊗r equals (SrV )G whih shows that M⊗k is the restrition of the O(1) of P((SkV )G) to
Ya ⊆ P(V )//G ⊆ P((SkV )G).
Remark: i) If H is onneted its entre is positive-dimensional preisely when H is not semi-
simple.
ii) For a general redutive group G, G×Gm fulls the onditions of the theorem.
iii) The proof of the theorem shows that we an rene (1.1:v) to Hic(V
n
ss,Z) = 0 for all
0 < i ≤ K and i 6= dimG+1 and HdimG+1c (V
n
ss,Z) = Z. It would be interesting to have a diret
proof of this fat.
iv) Note that the appropriate homotopy version of the Lefshetz hyperplane theorem (f.,
[Mi63, Thm 7.4℄) gives that Xa is a homotopy approximation to to P(V ). However, we need to
have information on the relation between P(V ) \ T and Xa \ T . Our proof of suh a relation
involved the use of duality. Duality is an intrinsially stable (in the sense of homotopy theory)
notion and hene destroys information on for instane the fundamental group. Note inidentally
that T may very well have a larger dimension than Xa \ T .
However, it seems reasonable to believe that the restrition to homologial approximation is
just an artie of the proof and I onjeture that there are G-torsors over smooth and projetive
varieties suh that the lassifying map indues an isomorphism on homotopy groups up to any
limit.
v) One an, if one is so inlined, make an a posteriori use of the Lefshetz theorem to obtain
a stronger result: Given an integer L one an nd an algebrai H-torsor P → Y with Y smooth
projetive of dimension L suh that Hi(BH,Z) → Hi(Y,Z) is an isomorphism for i < L and
injetive with a torsion free okernel for i = L. Then Hi(Y,Z) for i > L is determined by duality.
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One onstruts Y from the X of the theorem (using a K = L + 1) by taking the appropriate
number of hyperplane setions.
1.1 Algebrai version
In this subsetion we shall quikly indiate the modiations needed to obtain a theorem valid
over an arbitrary (algebraially losed, for simpliity) eld k, replaing of ourse lassial oho-
mology with étale ohomology with values in Ẑ′, the inverse limit lim
←−n
Z/nZ, where n runs over
integers invertible in k.
The lassifying mapX → BH of anH-torsor π : P → X makes sense if we replae the lassify-
ing spae with the lassifying algebrai stak. Apart from that, the only non-algebrai omponent
of the proof is the use of the maximal ompat subgroup K and the redution of the struture
group of a H-torsor to K. However, we only need the ohomologial onsequenes of that fat.
More preisely we need to know that the dual (when the base is smooth) of Rπ∗Ẑ
′
is isomorphi
to Rπ∗Ẑ
′[−h], where h := dimH . For this we rst note that the proof of the theorem shows
that Riπ∗Ẑ
′
is a onstant sheaf of value Hi(H, Ẑ′). (Formally, the argument shows this only
for diret images with ompat support but we an use duality or smooth base hange instead.)
Suppose now that we know that Hi(H, Ẑ′) = 0 for i > h, Hh(H, Ẑ′) = Ẑ′ and that the multipli-
ation map RΓ(H, Ẑ′)
⊗L
RΓ(H, Ẑ′)→ RΓ(H, Ẑ′) omposed with RΓ(H, Ẑ′)→ Hh(H, Ẑ′)[−h]
gives an isomorphism RΓ(H, Ẑ′) −˜→ RHombZ′(RΓ(H, Ẑ
′), Hh(H, Ẑ′))[−h]. We then get a mor-
phism Rπ∗Ẑ
′ → Rhπ∗Ẑ′[−h] = Hh(H, Ẑ′)[−h] and it together with the multipliation map
Rπ∗Ẑ
′
⊗LRπ∗Ẑ′ → Rπ∗Ẑ′ gives a morphism Rπ∗Ẑ′ → RHombZ′(Rπ∗Ẑ′, Hh(H, Ẑ′))[−h]. To
hek that this is isomorphism we an pull bak by π and by smooth base hange the map
beomes just the onstant map RΓ(H, Ẑ′) −˜→ RHombZ′(RΓ(H, Ẑ
′), Hh(H, Ẑ′))[−h].
Now, in order to show duality for RΓ(H, Ẑ′) we start by notiing that the ohomology of H
is isomorphi to that of H/U , where U is the unipotent radial of a Borel group B of H . The
quotient map G/U → G/B is a T -torsor and by the argument just given and the fat G/B is
proper we are redued to proving duality for RΓ(T, Ẑ′). This of ourse is well-known. (For the
proof of duality for RΓ(H, Ẑ′) we ould also have started o from the truth of it over C and
then used a speialisation argument as in [De77, Sommes trig.:8.2℄ to show that the ohomology
is independent of the algebraially hosen base eld and in partiular of the harateristi.)
In harateristi zero this gives us a purely algebrai proof of the theorem. In positive
harateristi the problem is that we do not know that a general member of the linear system ofH-
invariant forms on P(V ) is smooth outside of the base (i.e., unstable) lous. This an be retied
by going diretly to (in the notations of the theorem) Xa: Letting Vi := {x ∈ P(V ) | fi(x) 6= 0 }
we have that the Vi as well as their intersetions are smooth and ane and their union, V
′
, is the
omplement of Xa. Using the eh spetral sequene for V
′ = ∪iVi we get that Hi(V ′, Ẑ′) = 0
for i > dimV ′+a and using duality (as V ′ is smooth) and the long exat sequene of ohomology
with ompat support we get the needed properties of the ohomology of Xa.
Finally, as we no longer (in positive harateristi) an assume that Xa \ T is smooth we
an not use it to get the smoothness for Xa/H . However, Xa/H is a omplete intersetion with
respet to a very ample linear system of P(V )//G lying in the smooth lous of P(V )//G so that
if the fi are hosen to be general the smoothness of Xa/H follows diretly.
We an go even further and start with an algebrai group over an arbitrary (i.e., non-
algebraially losed) eld. We an then hoose our representation V to be dened over the
same eld. The generiity onditions for the hoie of the H-invariant forms an be fullled over
the base eld if it is innite. In the ase of a nite base eld it an be fullled by inreasing the
degree of the forms.
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2 Appliations
An example of how the theorem an be applied to nite groups is given in [Ek86℄. There one
uses the fat that for every prime p there is a nite group G with elements x, y, z ∈ H1(G,Z/pZ)
suh that the Massey produt 〈x, y, z〉 is dened and non-trivial. Using a smooth and projetive
approximation one onludes that there is a smooth and projetive variety with non-trivial Z/pZ-
Massey produts (on the ontrary rational Massey produts of smooth and proper varieties are
always trivial, f., [DGMS℄).
A somewhat vaguer appliation is to the theory of harateristi lasses of G-torsors. The
theorem implies that a harateristi lass of G-torsors is determined by its restrition to the
ategory of smooth projetive varieties and algebrai G-torsors for G a redutive group.
Reall (f., [SC58℄) that an algebrai group G (over an algebraially losed eld) is said to
be speial if every algebrai G-torsor is trivial in the Zariski topology. Speial groups have the
property that for every (topologial)G-torsor P → X , the assoiatedG/B-brationG/B×GP =:
Y → X has H∗(Y ) isomorphi to H∗(G/B × X,Z). We an use the theorem to prove a very
spei version of the onverse of this result.
Proposition 2.1 Let G be a onneted non-speial linear group. There is a smooth projetive
variety X and an algebrai G-torsor P → X suh that if Y → X is the assoiated G/B-bration,
where B is a Borel subgroup of G, then H∗(Y ) is not isomorphi to H∗(G/B ×X,Z).
Proof. Suppose that we have proved the proposition instead for G × Gm (whih also is non-
speial) so that we have a G×Gm-torsor P → X with the requisite properties. If B is a Borel
subgroup of G, then B ×Gm is a Borel subgroup of G×Gm. Hene the (G×Gm)/(B ×Gm)-
bration assoiated assoiated to P → X is also the G/B-bration assoiated to the G-torsor
P/Gm → X and we get the result for G.
Hene we may assume that G has a entrally embedded Gm. We let X be a high degree
approximation to BG as in Theorem 1.3. Then the indued morphism Y → G/B ×G EG is also
highly (ohomologially) onneted. Now, G/B ×G EG is isomorphi to EG/B = B(B) ∼ BT ,
where T is a maximal torus of G. This means that H∗(G/B ×G EG,Z) = H∗(BT,Z) and
H∗(BT,Z) is the symmetri algebra on the oharater group of T . In partiular it is torsion free
so if H∗(BG,Z) has torsion then we do not have an isomorphism H∗(BT ) ∼= H∗(G/B ×BT,Z).
As X an be hosen to be an arbitrarily high degree approximation if H∗(BG,Z) has torsion
we an nd an X fullling the onditions of the proposition. However, by [SC58, Exp 5: Thm
3,Thm 4℄ H∗(BG,Z) has torsion when G is non-speial.
Remark: i) In many ases one an remove the ondition that G be redutive. For instane, in
harateristi zero any linear onneted algebrai groupG ontains a omplement to its unipotent
radial U , i.e., a subgroup H ⊆ G whih maps isomorphially to G/U . We an then onstrut
an H-torsor is in the proposition and extend it to a G-torsor through the inlusion H ⊆ G. We
then have that the assoiated G/B-bration is isomorphi to the H/B′-bration assoiated to
the original torsor.
ii) In some ases at least one an prove the proposition through the Atiyah-Hirzebruh result.
For instane for SOn one an look at the diagonally embedded (Z/2)
n−1 ⊆ SOn. Its lassifying
spae detets all the torsion of H∗(BSOn,Z) so getting a (Z/2)
n−1 ×Gm-torsor will give the
proposition. Similarly, one an use the Z/n Heisenberg group and its embedding into SLn(C)
giving an embedding of (Z/n)2 ⊆ PSLn(C) whih detets the torsion lass ofH3(PSLn(C),Z). In
harateristi p and for a redutive group G dened over a nite eld one an use G(F) for a large
enough nite eld. This inlusion does not neessarily lift to a homomorphism G(F) → G(C)
(in fat typially it does not) and only gives a map from BG(F) to the pronite ompletion
(away from p) of BG(C) whih is not enough for our purposes (we would really need a group
homomorphism G(F )→ G(C)).
iii) Using the renement disussed in the fth part of the remark after Theorem 1.3 one
an get a more preise result in that one an also demand that H∗(Y,Z) is torsion free and as
H∗(X,Z) ontains torsion it is lear that H∗(Y,Z) is not isomorphi to H∗(X ×G/B,Z).
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Though it seems unlikely that the approximation theorem an be used to obtain any sub-
stantial properties of BG one an apply it to reprove a result of Deligne (see [De74, Thm 9.1.1℄)
on the rational ohomology of BG. Reall that BG an be realised as (the geometri realisation
of) a simpliial sheme and hene its rational ohomology has a natural mixed Hodge stru-
ture. The result of Deligne implies that the mixed Hodge struture on Hi(BG,Q) is pure of
weight i. This however follows diretly from the approximation theorem and the fat that the
i'th ohomology group of a smooth and proper variety is pure of weight i. Deligne's result is
more preise in that he proves that Hi(BG,Q) is zero for odd i and purely of type (i/2, i/2)
for even i. This, however, follows from the weaker result: We have the Leray spetral sequene
Hi(BG,Q)
⊗
Hj(G/B,Q) =⇒ Hi+j(BB,Q) whih is a spetral sequene of mixed Hodge
strutures whose E2-term is pure (of weight equal to the total degree). Hene, the spetral se-
quene degenerates for weight reasons and we get as a onsequene the, splitting priniple, that
H∗(BG,Q) → H∗(BB,Q) is injetive whih redues the stronger statement to a omputation
of of the mixed Hodge struture on H∗(BB,Q) = H∗(BT,Q). Deligne goes in the other di-
retion, using the degeneration of the spetral sequene to get the splitting priniple and hene
the purity of H∗(BG,Q). The degeneration of the spetral sequene is also equivalent to the
fat that H∗(BT,Q) → H∗(G/B,Q) is surjetive whih was also proved by Grothendiek (see
[SC58, Exp 5: Cor 4, Lemme 10℄). In any ase the approximation theorem gives arguably a quite
natural explanation for the fat that H∗(BG,Q) is pure.
For our main appliation of the theorem we need to reall some fats. For a eld k one denes
K0(Spck) as the group generated by elements [X ], X an algebrai k-variety, suh that isomorphi
varieties give the same element and [X ]− [Y ] = [X \ Y ] for a losed subvariety Y ⊆ X . It has
a ring struture haraterised by [X ][Y ] = [X × Y ] and one denes a dimension ltration on the
loalisation K0(Spck)[L
−1], with L := [A1], where FilnK0(Spck)[L
−1] is generated by elements
of the form [X ]L−i for whih dimX ≤ n+ i. Then K̂0(Spck) is the ompletion of K0(Spck)[L
−1]
with respet to this ltration. If G is a speial algebrai group it follows easily that for any
algebrai G-torsor P → X we have [P ] = [G][X ] in K0(Spck). We aim to use Proposition 2.1 to
give a (partial) onverse to this fat.
Theorem 2.2 For every onneted non-speial linear algebrai G (over the eld of omplex
numbers) there is an algebrai G-torsor P → X suh that [P ] 6= [G][X ] ∈ K̂0(Spck).
Proof. As G is non-speial and its unipotent radial U is speial (f., [SC58, Exp 1, Prop 14℄)
we get that G/U is non-speial as extensions of speial groups are speial (f., [SC58, Exp 1,
Lemme 6℄) and we may assume that G is redutive. In [Ek09a, Prop. 3.2℄ an invariant of elements
of K̂0(Spck) is dened whose value on [X ] for X smooth and proper gives information equivalent
to the isomorphism lass of H∗(X,Z) as a graded group. It is also proved (f., [Ek09a, Lemma
3.8℄) that if [P ] = [G][X ] in K̂0(Spck) for all G-torsors, then [Y ] = [G/B][X ] = [G/B × X ]
for all G/B-brations Y → X with struture group G. However, if we had [Y ] = [G/B × X ]
for a smooth and proper X , then by what was just realled (and the fat that G/B is smooth
and proper) we would get H∗(Y,Z) ∼= H∗(G/B ×X,Z) whih by Proposition 2.1 is not always
true.
Remark: i) It is not diult to extend the theorem to non-onneted groups (whih are always
non-speial). In that ase however [P ] = [G][B] should essentially never be true, for instane if
G is nite it is true only if the torsor is trivial.
ii) Note that having a base eld of harateristi zero is (urrently) neessary: The invariant
of [Ek09a℄ is dened using resolution of singularities.
iii) That invariant is additive and takes value in a torsion free abelian group so that we get
not only that [P ] 6= [G][X ] but also that the dierene [P ]− [G][X ] has innite order.
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